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The  Equation  of  a Geodesic  Line  on  the  Surface  of  an  Oblate  Ellip- 
soid of  Revolution 


Jan  Panasiuk 


Let  us  consider  the  surface  of  an  oblate  ellipsoid  of  revolu- 


tion in  the  form: 


f m [acot«co*(l- «oo»mMA-A*X*«a»»l. 


a,  b — semi-axes  of  the  meridian  section  X = X^, 

\Q  - established  value  of  parameter  X. 

The  metric  of  a line  on  the  surface  is  dependent  on  the  quantities: 


Fm  y.  rx  -o, 

Grn  ini*  - (tCOM)1, 

H - - 0xc&$m 


The  first-order  differential  equation  for  a geodesic  line  placed  on 
the  surface  (1)  has  the  form: 


• - const  ■ c. 


Parameter  A in  (3)  designates  the  direction  angle: 


Symbol  o — a certain  arbitrary  constant  taking  values  from  the  inter- 
val {—a,  at}.  Including  (2)  In  (4),  we  have: 


- *±- 


1 


If  we  specify  the  constant  a in  the  form: 


e “ (cot*) 


and  in  the  environment  of  the  meridian  \Q  we  limit  ourselves  to  an 


interval : 


in  which  is  satisfied  the  condition: 

then  in  interval  7 differential  equation  3 will  take  the  form: 

• i/'-l— T 

y'l— Oi*U  dll  V \ COSH  / 

COSH  dX  cot  II e 


dX  - - 


cos  Hu  j l-tseo$,M 


in  the  case  of  a sphere  e - 0,  we  have: 


dX  - - 


COS 

cosh  ^cos  J«  — coi’ni 


cos;H  |A  - Clg’He  »**«  ’ 


Substituting : 


we  obtain: 


and  thus : 


a'i*-/7CTr- 


(«na-  a.)  - «•*«•«)  ■ (*m  - 


V 


This  is  the  equation  sought  for  a geodesic  line  on  a sphere1. 

The  line  under  consideration  with  equation  13  passes  through 
point  £(«£,  \G)  and  is  orthogonal  to  meridian  X^  at  that  point.  If 
parameter  u in  relation  13  runs  across  interval  7 once,  then  param- 
eter AX  = X— X^  runs  across  the  interval: 

Jl«<0.n>.  (14) 

The  range  of  variation  of  parameter  AX  in  interval  7 does  not  depend 
on  parameter  uQ.  It  is  assumed  that  Interval  14  constitutes  one  half 
of  the  period  of  oscillation,  independent  of  uQ,  of  the  geodesic 
line  (13)  in  relation  to  u = 0.  Let  us  also  see  what  happens  to 
equation  9 if  in  its  changed  form: 


Mm 

we  take  the  substitution: 


CtgMB  / I-****1*. 

" COM  \ 


(15) 


(16) 


In  this  we  obtain: 


dX  a 


. / 1 — 

]/  I «inhV 


(17) 


Considering  equation  17,  as  well  as  e = 1 and  q > 0,  we  have: 

M _ ctgMgMnhfrif 

- c«t* «•  «inhff  ’ (l8) 

dUfc.tir*;  M 

(19) 

JIn  the  following  interval  (7)  of  revolution  of  parameter  u, 
i.e.,  in  the  Interval  a-4, (*.»*)  , in  which  equa- 

tion 13  retains  its  binding  force. 
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Performing  further  substitution: 


(coin, cosh » - »)-.  4w) 


we  get: 


Since : 


" 7=^)  ■ <*-*•  ■««»»). 

co».J^  = co»*s  coch  |ln  tg^J'-r  yJV 


cosh  q 


COSH 


relation  22  can  finally  be  written  in  the  form: 

COS««  m COtttCOt Ji. 


(20) 

(21) 

(22) 

(23) 

(24) 


This  is  an  analytic  description  of  segment  GG j of  the  normal  to  the 

semi-axis  X = X„,  which  passes  through  points: 

G 

i.,-  (25) 


It  should  be  noted  that  equation  24  at  points  u € (0,  — u_)  is  no 

G 

longer  binding.  In  passing  through  zero,  parameter  u causes  a change 

in  the  sense  of  vectjor  r . 

u 

The  subsequent  path  of  the  geodesic  line  for  e ■ 1 in  the  in- 
terval u € (0,  -u^,)  with  the  condition  ^jj  < 0 is  predicted  by  the 
segment  G1G2  of  the  normal  to  semi-axis  X * A_  + 2u„.  This  straight 

G G 

line  passes  through  the  points: 

- 0,  A,'-  £«+(%),  61K5-  -*%.  x*  + 2n»).  ( 26 ) 

On  segment  G^G T,  with  consideration  of  the  characteristic  sense  of 
the  direction  angle  a,  equation  3 remains  satisfied.  In  this  connec- 


-tion  equation  3 and  equation  24,  which  are  related  on  segment  GG  i, 
analytically  describe  a certain  broken  line  inscribed  in  a circle. 
This  line  passes  through  point  G.  The  vertices  of  this  broken  line 
depend  on  the  parameter  They  are  located  on  the  circumference  of 
a circle  with  radius  a at  points: 

lm  i.t  + 2ki..  k ±l.±2....  (27) 


In  the  general  case  e € (0,  1),  by  substituting  into  equation  15= 


(com-  - ctg«et*»)  - *) 

we  arrive  at  the  equation: 


tt1«scas,e 


After  making  simple  transformations,  we  have: 


'taa*«£  »in*f 


d).  - )/ 1 - 1/  — 

| 1—  wn'Mfciin'r 


(28) 


(29) 


(30) 


By  taking  the  new  variable: 


6 m M •)  - 


f 

^ ^ 1 — sta1/ 


(3D 


and  integrating  equation  30  bilaterally,  we  finally  obtain: 

A 


(32) 

(33) 

(34) 


Here  am(sinur,  t)  states  the  inverse  function  31  with  the  substitu- 


tion Q * fc. 
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The  original  function  32  is  also  the  function  am(x,  u ) and 
thus  the  inverse  function  for  the  Legendre  form  elliptic  integral 
of  the  first  kind  (31)  with  parameter  33* 

We  therefore  have: 


where 


k m un«a  . 


(35) 

(36) 


The  system  of  relations  28,  31,  and  35  presents  an  interesting  de- 
pendence between  the  parameters  X and  u. 

From  28,  30,  and  35  it  is  evident  that  35,  as  a function  of 
parameter  AX  = X — XG  is  a periodic  function  with  a half-period: 

f , 

“ m/,~ 'lc<*,Ue  J \ 1 - (37) 

This  half-period  depends  on  and  e and  always  takes  values  from 
the  interval: 


*'6(0,  It). 


(38) 


This  statement  is  true,  because  from  it  and  from  the  assumption  that 
the  eccentricity  e belongs  to  the  interval  (0,  1)  it  is  possible  to 
educe  the  irreversibility  of  Soldner's  system  and  thereby  to  demon- 
strate the  ambiguity  of  a solution  of  a so-called  inverse  problem 
for  a geodesic  line. 

The  path  of  a geodesic  line  on  a surface  (1)  has  been  the  sub- 
ject of  studies  by  many  scholars,  including  H.  Schmehl  [3],  [4], 
Cayley  [1],  F.  Hopfner  [2],  and  Z.  Zorski  [5],  [6].  References  3 and 
4 are  among  the  leading  studies  in  this  area.  Reference  5 deserves 
special  attention.  It  definitively  explains  the  problem  of  ambiguity 
in  the  solution  of  an  inverse  problem  for  a geodesic  line.  In  the 
present  study  it  is  shown  that  the  problem  of  geodesic  lines  on  a 
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surface  (1)  has  a global  solution.  From  the  global  solution  it  is 
evident  that  all  of  the  properties  known  thus  far  for  geodesic  lines 
on  a surface  (1)  are  consequences  of  the  combination  of  the  func- 
tions which  have  form  28,  31  > and  35. 
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Equations  of  geodesic  line  on  a spheroid 
Summary 

In  ihc  article  is  presented  a certain  variant  of  geodesic  line  equation  for  any  rotational  ellipsoid,  in 
addition  to  the  general  case,  where  eccentricity  e 6 (0,13,  two  extremities  (e  « 0 and  e - I)  were  separately 
discussed.  It  was  proofed  that  if  e « I,  the  geodesic  line  i*  a periodical  curve  of  the  curvature  reversed, 
inscribed  within  the  circle  of  radius  -a,  and  with  the  half-period  o>  ■*  2u* 

It  is  shown  that  in  the  general  case  e e (0,1 ) the  half-period  <•»  depends  directly  on  parameters  e and 
u,,  where  u0  is  the  reduced  latitude  of  the  turn  point. 
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